Abstract: Dedekind sums were introduced by Dedekind to study the transformation properties of Dedekind η function under the action of SL (Z). In this paper, we study properties of generalized Dedekind sums s i,j (p, q). We prove an asymptotic expansion of a function on Q de ned in terms of generalized Dedekind sums by using its modular property. We also prove an equidistribution property of generalized Dedekind sums.
Introduction
for coprime integers b and c, where
These sums were introduced by Dedekind [1] , and have been studied with applications in diverse areas of mathematics (for example, see [2] [3] [4] ). The Dedekind sum has been generalized and studied by many other authors from diverse standing (for example, see [5] [6] [7] ). In this paper, we consider generalized Dedekind sums de ned as follows. The Bernoulli polynomial B i (x) is de ned by the exponential generating function 
where ⟨x⟩ ∶= 
and the number i + j is called the weight of s i,j (p, q). For convenience, we let
where B n is the nth Bernoulli number and d i,j is given by
otherwise.
Let {e , . . . , e m } be the standard basis of Q m . We de ne a vector F N (p, q) ∈ Q N for an even positive integer N by 
We remark that any rational number x can be uniquely written as p q for a positive integer q and an integer p which are relatively prime. Thus, the above mapping G N is well-de ned, and has the following asymptotic expansion expressed in terms of Bernoulli numbers. 
Here, (
for nonnegative integers a and b. Theorem 1.1 is proved by using the fact that G N can be understood as a modular object, which was recently introduced by Zagier [8] . 
Dedekind sums also have a special property of distribution. For an even positive integer N and positive integers p, q which are coprime, we consider another vector-valued function
Let
be the fractional part of the vector X = (x , x , . . . x N− ). The following theorem states that H N (p, q) satis es the property of equidistribution. 
Theorem 1.3. For an even positive integer N, there exists an integer R N such that the set of rational numbers
where β k is a positive integer such that
is the reduced fraction of B k ≠ and
The following is the table for values of R N for N = , , , , .
The rest of the paper is organized as follows. Section 2 summarizes the properties of generalized Dedekind sums. In Section 3, we show that generalized Dedekind sums satisfy a modular property introduced by Zagier [8] and prove Theorem 1.1. In Section 4, we describe the distribution of generalized Dedekind sums and prove Theorem 1.3.
Reciprocity formulas
In this section, we prove the reciprocity formulas of generalized Dedekind sums, which can be induced from those of Dedekind-Rademacher sums.
.
Dedekind-Rademacher sums
In this subsection, we brie y review the de nition and the reciprocity formulas of Dedekind-Rademacher sums based on the paper [6] . The following is the de nition of Dedekind-Rademacher sums.
De nition 2.1. For a, b, c ∈ N and x, y, z ∈ R Z, the Dedekind-Rademacher sum is de ned by 
Reciprocity formulas of generalized Dedekind sums
The following are the reciprocity formulas of generalized Dedekind sums, which are induced from Theorem 2.2. 
2. For a = and odd b ≥ , 
Since B k = for odd integer k > and B = − , we see that
where
Moreover, we haveB
Therefore, the following can be induced from the sum (15)
If we multiply pq XYZ on both sides of equation (16), then we obtain
From the relation X + Y + Z = , the equation (17) is rewritten as
By the binomial expansion of (Y + Z) n one can see that 
This gives the rst result after multiplying by q a p b (− ) b− in both sides of equation (20).
(2) For the second result, suppose that a = and b is an odd integer with b ≥ . Note that
Here, we used the fact that B (x) = and gcd(p, q) = . If we compare the coe cients of Y b in both sides of equation ( ), then we have
which gives the second result.
The reciprocity formulas of generalized Dedekind sums can be expressed in terms of the vectors F N (p, q).
Corollary 2.4. Let p and q be positive integers with gcd(p, q) = , and N an even positive integer. Then
are given as in (8) , (6) , and (9) , respectively. Here, we de ne
and
If we change variables a ↦ N − i + , j ↦ j − a, b ↦ i, and k ↦ j − b in (22) and (23), then (14) can be written as
This gives the desired result.
Besides the reciprocity formulas, generalized Dedekind sums satisfy the following properties. 
Proof. (1) By the de nition of s i,j (p, q), we see that
If i = j = , then we have
Otherwise, we see that
which is s i,j (p, q) by its de nition. From this, we obtain the desired result that h i,j (p + q, q) = h i,j (p, q).
Modular properties of generalized Dedekind sums
In this section, we show that the vector-valued function G N de ned in (7) satis es the modular property, which was introduced by Zagier [8] .
. Automorphic factor
To introduce a modular property for a vector-valued function, we need an automorphic factor for a vectorvalued function.
De nition 3.1. An automorphic factor of rank m is a function
satisfying the following conditions. 1. The function ρ satis es the cocycle relation For a xed γ ∈ SL (Z), the action of ρ(γ, x) on C m is de ned by
Let N be an even positive integer. Now, we de ne an automorphic factor ρ N of rank N as follows. Let S ∶= ( − ) , T ∶= ( ) ∈ SL (Z). We de ne
Here, δ i,j is the Kronecker delta. Then, it induces an automorphic factor of rank N. Note that S and T generate SL (Z). Therefore, from (25) and (26), we can compute ρ N (γ) for any γ ∈ SL (Z) by using the cocycle condition as in (24). To prove that ρ N is an automorphic factor of rank N, it su ces to check that
and x) and I denotes the N × N identity matrix. To prove this, we need the following lemmas. 
for nonnegative integers a and b. If we consider the binomial expansion of ( − ( − T)) j− , then we see that
In the above equality, we used the fact that (
Since ( − ( − T)) j− = T j− , we see that
(2) We will use the induction on N. If N = , it is easy to see that (2) is true. Suppose that (2) is true for N ≥ . Let < i < N + and ≤ j < N + . By the recursive formula, we have
Then, the induction hypothesis implies that
If we use the recursive formula again, then we have
The last equality follows from that
Now, we will check the remaining three cases: i = , i = N + , and j = N + . If i = and ≤ j ≤ N + , then we have
If i = N + and ≤ j ≤ N + , then we obtain
Suppose that j = N + and ≤ i ≤ N. Then, we have
Here, we used the identity
Lemma 3.3. Let i and j be integers with N
Proof. If we apply the binomial expansion twice, then we obtain
Then, one can see that
By the de nition of ( a b ) as in (27), we obtain the desired result.
Lemma 3.4. Suppose that N is an even positive integer. Let i and j be integers with
≤ i, j ≤ N. 1. ∑ N k= N − k N − i N − j N − k (− ) j+k = δ i,j .
Let
Proof.
(1) One can obtain (1) from Lemma 3.2 (1) by replacing i (resp. j) with N − i + (resp. N − j + ).
(2) Note that by the de nition of a b as in (27), we have
, then a nonzero term in the summation appears only when k = l = i = j. So, we have ∆ i,j = (− ) N + . In the case of i > j, one can see that
This completes the proof. Now, we prove that ρ N induces an automorphic factor of rank N satisfying the cocycle relation as in (24).
Proposition 3.5. Let ρ N be de ned by (25) and (26). Then
(1) Lemma 3.4 (1) implies that C N = I, and hence we have
(2) For U = TS, we see that
, and
By Lemma 3.4 (2), we have
This is the desired result.
Remark 3.6. These kinds of automorphic factors are closely related with a monomial times a modular form. For example, we consider F(z) ∶= z ∆(z), where ∆(z) is de ned by
and q = e πiz for z ∈ H. Then, it is known that ∆(z) is a modular form of weight on SL (Z). Note that
Hence, we see that F(z) is a modular form associated with ρ, which is de ned by
Modular property of G N
With the automorphic factor ρ N , we can state the transformation property of the vector-valued function G N . We de ne a slash operator associated with ρ N as follows. Let f be a vector-valued function on Q, i.e., f is a sum of functions f = ∑ m i= f i e i , where f i is a function on Q for i = , . . . , m. Then we de ne
for x ∈ Q and γ ∈ SL (Z).
Lemma 3.7. The vector-valued function G N ∶ Q → C N satis es the functional equations
for all positive rational numbers x and
Proof. In this proof, we will use the properties of generalized Dedekind sums. For positive integers p and q which are relatively prime, by Corollary 2.4, we have
, and E N p q are de ned as in (8), (21), (6), and (9), respectively. Lemma 3.2 (1) implies that
, which is the identity matrix. Lemma 3.2 (2) implies that
Therefore, we see that
for any positive rational number
. By Theorem 2.5 (1), we see that
Therefore, we have the rst desired result. The second result directly comes from Theorem 2.5 (2) and the de nition of ρ N (T) as in (26).
is a rational function of p and q, where x = p q ∈ Q. But A N (x) and E N (x) are homogeneous of degree , and hence A N (x) − E N (x) is homogeneous of degree . Therefore, A N (x) − E N (x) is actually a rational function of x. This implies that this vector-valued function can be extended to R ∖ { }. The vector-valued function G N can be understood as a quantum modular form, which is a new modular object on Q introduced by Zagier [8] . Quantum modular forms were studied in connection with Maass forms, mock modular forms and Eichler integrals (for example, see [9, 10] ).
. Proof of Theorem 1.1
By Lemma 3.7, we have
for positive rational numbers x. If we let x = n for n ∈ N, then
as n → ∞.
. Application of modular property to the arithmetic of Dedekind sums
With the cocycle property of ρ , one can obtain an explicit expression of G ( . For this, we recall the followings:
By the cocycle condition as in (24), we obtain
for a positive integer a. Now, we express p q by using the negative continued fraction as follows
for ≤ i ≤ n. Then, for ≤ i ≤ n − , we see that
Moreover, for ≤ i ≤ n − , we also have
For simplicity, we de ne
Distribution of generalized Dedekind sums
For an even positive integer N and positive integers p and q which are relatively prime, we consider a vectorvalued function H N (p, q) de ned in (11) . In this section, we show that there exists an integer R N such that fractional parts of the vectors ⟨R N H N (p, q)⟩ are equidistributed. That is the image of these vectors under the projection R N onto R N Z N is equidistributed on the torus. There is a necessary and su cient condition for this due to Weyl.
. Weyl's equidistribution criterion
We recall the statement of Weyl's criterion on torus. For details, we refer to [11] .
Theorem 4.1 (Weyl's equidistribution criterion). A sequence
and e(x) denotes exp( πix).
For a nonzero vector m ∈ Z N− and a positive real number x, let E(m, x) be the average of the exponentials of
To apply Theorem 4.1, one needs to show that E(m, x) tends to as x goes to ∞. This is done by relating an exponential sum to
Exponential sums of generalized Dedekind sums
We relate (32) to an exponential sum for a Laurent polynomial. Let us rst recall the exponential sum for a Laurent polynomial Let F N (x) be the rank (N − ) vector of Laurent polynomials 
De nition 4.2. For a positive integer q and F(x)
To prove the relation between the two exponential sums (32) and K(m⋅F N , q), we need the following theorem. By Theorem 4.3, one can see that
Therefore, we come to the estimation of the exponential sum of m ⋅ F N (x).
. Bounds for exponential sums
Let q be a prime. Then, the estimation of K(m ⋅ F N , q), accompanied with some reductions, will be su cient in showing Weyl's criterion for
to be equidistributed. This will complete the proof of Theorem 1.3. To achieve the full estimation, we will follow the steps taken in [12] .
The following lemma is necessary to prove that m ⋅ F N (x) has a Weil type bound for all but nitely many primes p. 
For a general modulus q, we have the following bound. 
From now on, we justify Proposition 4.6.
. Reduction to prime modulus
If q has many prime factors, the bound is obtained by composing the bound previously obtained for primes dividing q. This is done by the next two reduction steps. First, we consider the case q being a power of a prime p. 
Proof. We note that an element z ∈ (Z p α Z) * is written uniquely as z = p α−β x + y for x ∈ Z p β Z and y ∈ Z p α−β Z * . Thus, we obtain
After the previous lemma, we can pull out p-factors out of the coe cients of m ⋅ F N (x). For positive integers i and j, let F(x) = ∑ i k=−j a k x k be a Laurent polynomial with integer coe cients such that a i ≠ and a −j ≠ .
Let p be a prime such that F(x) ≡ (mod p) and α be a positive integer. Now, the following lemma is implied by Corollary 4.1 in [14] with the trivial character. The previous two lemmas imply the following bound for prime powers. Let us consider the case when q has several prime factors. We have the following e ect of the Chinese remainder theorem for exponential sums. Proof. This is a consequence of Fubini theorem.
. Proof of Theorem 1.3
For x > , let φ(x) ∶= (Z [x]Z) * be Euler's phi function. By using ∑ q<x φ(q) ∼ x as x → ∞, we obtain the proof of the main theorem from Weyl's criterion for equidistribution and Proposition 4.6. Now, we apply Proposition 4.6 to deducing Weyl's criterion from the bound of exponential sums. Note that ω(q) in Proposition 4.6 has a well-known estimation ω(q) ≤ c log q log log q 
as x → ∞. This completes the proof.
